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Abstract
For displayinga densegraph, an adjacencymatrix is superior than a node-linkdiagram becauseit is more
compactandfreeof visualclutter. A node-linkdiagram,however, is far betterfor thetaskof path�nding because
a pathcanbeeasilytracedbyfollowingthecorrespondinglinks,providedthat thelinksarenotheavilycrossedor
tangled.Weaugmentadjacencymatriceswith pathvisualizationandassociatedinteractiontechniquesto facilitate
path �nding. Our designis visually pleasing, and also effectivelydisplaysmultiple pathsbasedon the design
commonlyfoundin metro maps.We illustrateandassessthekey aspectsof our designwith the resultsobtained
fromtwocasestudiesandan informaluserstudy.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.6 [ComputerGraphics]:MethodologyandTech-
niques;H.5 [Information Systems]:Information Interfacesand Presentation;G.2.2 [Graph Theory]: Path and
Circuit Problems

1. Intr oduction

Graphsarecommoninformationstructuresfor modelingre-
lationsbetweendiscreteentities.Many real world systems
taketheform of graphs.For example,asocialnetwork repre-
sentsrelationshipsbetweenactors(suchasindividuals,fami-
lies,Internetsocialgroups,corporateorganizations,business
partners,nations,etc).Analyzinga socialnetwork provides
structuralintuition accordingto theties linking actors.This
leadsto improvedunderstandingof socialprocesses.

Graphsareinherentlyvisual.Yet,traditionalnode-linkdi-
agramsof graphs,connectingthegraphnodeswith lines,do
not scaleasthegraphsizeanddensityincrease.For a dense
graphin particular, thelargenumberof edgecrossingscreate
greatvisual complexity. Automatic layout algorithmshave
beendevelopedto reduceedgecrossingasmuchaspossible,
but they have a high computationalcost and heuristicna-
ture.Thus,node-linkdiagramsarenotalwaysagoodchoice
for displayinggraphs.On the otherhand,adjacency matri-
cesoffer a very compactrepresentationof graphs.Vertices
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areplacedalongthehorizontalandverticalaxesin thesame
order. Therefore,no layoutcomputingis needed.

In an adjacency matrix, a non-zeroentry representsan
edgebetweenthetwo correspondingverticesin agraph.Be-
causeeachedgeis de�ned by itself in a non-sharedspace,
thereis no edgecrossingproblem.However, an adjacency
matrix view of agraphhasits limitations.Accordingto pre-
vioususerstudies[GFC05,KEC06], adjacency matricesare
clearlybetterthannode-linkdiagramsfor displayinggraphs
with twenty or more nodeswhich are largely connected.
However, for the taskof path�nding, a node-linkdiagram
allowstheuserto quickly locatethepathsof interestby sim-
ply following the associatedlinks in the picture.Finding a
path in an adjacency matrix is not a trivial task,especially
whenthepathis composedof many nodes.

In this paper, we show how we augmentadjacency ma-
trices with interactive path visualizationto remove the in-
trinsic limitation of a matrix representation.Our designsu-
perimposespathinformationon topof thematrix.Thepaths
aredisplayedin anunambiguousandvisuallypleasingfash-
ion with minimumcrossing.Wealsouseanideafrom metro
mapvisualizationto moreneatlydisplaymultiplepaths.We
havetestedourdesignusingavarietyof graphsandtwo case
studiesusinga socialnetwork anda food webarepresented
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in this paper. We alsoreportour �ndings from an informal
userstudyto determinewhetherthegraphicalpathaugmen-
tationis helpfulor not.

2. Background

Adjacency matricesarewidely usedin graphvisualization
becausethey can effectively display a densegraph.Inter-
preting the structuralinformation buried in a matrix view
of a graphrequiressomepractice.In this section,we �rst
give a brief introductionto interpretingadjacency matrices,
followedby anoverview of relatedvisualizationapproaches.
Finally, wediscussthechallengespresentedby thepath�nd-
ing problem.

2.1. AdjacencyMatrices

Adjacency matricescanbe usedto representboth directed
andundirectedgraphs.For directedgraphs,a non-zeroen-
try at the intersectionof columni androw j representsthat
thereis aconnectionfrom vertex i to vertex j. For undirected
graphs,theadjacency matrixis symmetric.Eachentryonthe
matrix'sdiagonalrepresentsaself-link of thecorresponding
vertex. Usually, self-linksareignored,thusentriesalongthe
diagonalarezero.

Patternsthat consistof non-zeroentriesarekey to inter-
preting adjacency matrices.Different patternsconvey dif-
ferentstructuralpropertiesof the underlyinggraph.For in-
stance,horizontalor verticallinesmightindicateastarstruc-
ture in thegraph.In Fig. 1(a), thevertical line consistingof
5 non-zeroentriesrevealsthat thereare connectionsfrom
vertex X to vertex A;B;C;D andE. Closelyconnectedclus-
tersarepresentedastriangularwedgeson thediagonal(See
Fig. 1(b)). Blocksaway from thediagonalmay indicatebi-
partitesubgraphs(SeeFig. 1(c)). Thereare two groupsof
verticesandonly inter-groupedges.The discussionsabove
assumethat the patternsarestand-alone,becauseexistence
of supportingentrieselsewherewill totally changethe in-
terpretation.Fig. 1(d) shows anexampleof anoff-diagonal
blockwith supportingentries.

Orderingof verticeson verticalandhorizontalaxeshasa
tremendousimpacton theeffectivenessof adjacency matrix
visualization.A matrix with poororderingis indistinguish-
ablefrom noisewhile onewith goodorderingshows salient
patterns.Comprehensive discussionsof matrix orderingcan
be found at [CM69, Wil86, Kin70, MML07]. In this paper,
breadth-�rst-searchorderingis usedfor all examples.

Adjacency matricesareoften usedasoverviews of large
graphsbecauseof their compactness.For instance,Matrix-
Explorer, designedfor socialnetwork analysis,is equipped
with bothmatrix andnode-linkviews [HF06]. Usersareal-
lowed to investigate the global structureof a graphin the
matrix view andchoosesubgraphsof interestfor detailsin

(a) Line. Thevertical line con-
sistingof 5 non-zeroentriesis
associatedwith a starstructure
in theunderlyinggraph.

(b) Triangular Wedge on the
Diagonal.Thetriangularwedge
on the diagonal is associated
with afully connectedclusterin
thegraph.

(c) Off-diagonal Block. The
off-diagonalblock is associated
with abi-partitesubgraph.

(d) Off-diagonal Block with
SupportingEntries.The corre-
spondinggraph structure is a
closely connectedcluster in-
steadof abi-partitesubgraph.

Figure1: Patternsof AdjacencyMatrices

thenode-linkview. Moreover, anadjacency matrix hasuni-
form visualrepresentation,whichmakesit perfectfor multi-
scalevisualization.FrankvanHamintroducesaninteractive
multilevel matrix visualizationsystemfor largehierarchical
softwarecall graphs[vH03]. MGV, a systemfor visualizing
massive multidigraphsalso utilizes this property [AK02].
Userstudieswereconductedby bothGhoniem[GFC05] and
Keller [KEC06], in which the readabilityof matricesand
node-linkdiagramswerecompared.Ghoniemfocusesonthe
tasksthatrevealgraphtopologicalfeatures,while Keller fo-
cuseson tasksinvolving semanticinformation.Both studies
concludedthatadjacency matricesoutperformnode-linkdi-
agramsfor large densegraphs,except for the taskof path
�nding.

2.2. Path �nding

Path-�nding is the task of �nding a seriesof continuous
edgesconnectingtwo vertices.Finding the shortestpath is
the most commontask. However, in somecases,we also
needto �nd multiple pathsbetweenvertices.Path-�nding
is very importantfor graphanalysis.In socialnetwork anal-
ysis, for example,connectionsbetweentwo individuals in-
dicatethepossibilitythatthey will meetin thefuture.

Paths are relatively easy to recognizein node-link di-
agramsbecausethey are representedas a seriesof con-
nectedline segments.In adjacency matrices,edgesarerep-
resentedas entries.Thus, a path is representedas a set
of entries, in which the row index of each entry is the
sameas the column index of the next one; i.e., a path
P = f v0;v1;v2; :::;vng of graph G(V;E) is equivalent to
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a seriesof entriesin the correspondingadjacency matrix,
f e[v0;v1];e[v1;v2]; :::;e[vn� 1;vn]g, wheree[vi ;v j ] is anentry
at the intersectionof columnvi androw v j . Unlike clusters
or starstructures,a pathcanappearasany loosepatternin
an adjacency matrix. Fig. 2 shows an exampleof a pathin
a node-linkdiagramandits equivalentadjacency matrix.To
�nd apathin anadjacency matrix, theuserneedsto goback
andforth betweenthe columnsandrows, which canbe es-
pecially dif�cult for long pathsor large graphs.Thus,our
researchaimsat designingeffective visualizationhighlight-
ing pathsin adjacency matrices.Thevisualizationshouldal-
low theviewer to easilyfollow eachpathfrom beginningto
endandobtainverticesalongthepath.To ourknowledge,no
suchresearchhasbeendonefor thisproblem.

Figure2: Comparisonof a Pathin anAdjacencyMatrix and
the EquivalentNode-linkDiagram. Thepath illustrated in
this exampleis A ! E ! C ! B. In theadjacencymatrix,
thecorrespondingentriesf e[A;E];e[E;C];e[C;B]g arehigh-
lightedin red.

3. Visualizing a SinglePath

We �rst addressthe problemof visualizing a single path.
Giventwo vertices,wechooseto visualizetheshortestpath,
which is usuallythemostcritical pathbetweenthem.In our
interactive matrix visualizationsystem,userscan selecta
startingvertex from the vertical axis andan endingvertex
from thehorizontalaxis.Theshortestpathis thencomputed
usingDijkstra'salgorithm[Dij59] andis visualizedover the
matrix. The restof this sectiondiscussesrelatedproblems,
includingpathlayout, rendering,andhow to eliminateam-
biguitiescausedby pathcrossing.In therestof thepaper, a
smallsocialnetwork of agroupof studentsis usedastheex-
ampleto demonstrateourpathvisualizationmethods.It is an
undirectedgraphwith 25 verticesand25 edges.Theactual
namesareremovedfor privacy.

3.1. Path Layout

Visualizing the shortest path in node-link diagrams is
straightforward.Simplyhighlightingall edgesalongthepath
is suf�cient (SeeFig.3(a)). Following thehighlightededges,
userscaneasily�nd theverticesandedgesonthepath.In ad-
jacency matrix,apathP = f v0;v1;v2:::vng is equivalentto a
seriesof entries,f e[v0;v1];e[v1;v2]; :::;e[vn� 1;vn]g.Thecol-
umnindex associatedwith the�rst entry indicatesthestart-
ing vertex of thepath,andtherow indicesassociatedwith all

entriesindicatetherestof theverticeson thepath.Thus,we
chooseto draw a verticaldottedline betweenthe �rst entry
andthehorizontalaxisanda horizontaldottedline between
eachentryandtheverticalaxis.With thehelpof dottedlines,
userscaneasily�nd theverticesonthepath.Wealsoconnect
theentries,suchthatuserscanfollow thepath.In Fig. 3(b),
the samepath highlighted in Fig. 3(a) is visualizedusing
this method.Althoughthedottedlinesprovideaclearguide
to �nding correspondingvertices,it is still dif�cult for users
to gobackandforth betweentheaxesandentries.

One fact about adjacency matrices is often ignored.
Besidescolumnsandrows, the diagonalcanalsorepresent
vertices. Since ordering algorithms make the non-zero
entries gather along the diagonal, it is much easier to
use the diagonal as the referencefor vertices than the
axes.Thus,we usehorizontal lines to connectthe entries
and the diagonal. For an entry e[vi� 1;vi ] on the path,
P = f v0;v1;v2; :::;vng, the connectedentry on the diagonal
is e[vi ;vi ]. The next entry on the path is e[vi ;vi+ 1], which
can be connectedto e[vi ;vi ] by a vertical line. Repeat-
edly doing this, we can connectall the entriesrelatedto
vertices and edgeson the path. Fig. 3(c) illustrates this
new design.In this example, the path P = f N;D;S;P;Rg
is visualized as a series of lines connecting entries
e[N;N];e[N;D];e[D;D];e[D;S];e[S;S];e[S;P];e[P;P];e[P;R]
ande[R;R]. The seriesof lines carry all informationof the
original path and agreewith the underlying matrix-based
representation.To make thevisualizationclearer, theentries
associatedwith edgesarehighlighted,andthoseassociated
with verticesarelabeled.

3.2. Path Crossing

Oneof the major problemsfor our designis pathcrossing
(SeeFig. 4(a)). Limited by the given space,someof the
�gures in this paperdo not displaythe completeadjacency
matrix. Becauselines areeithervertical or horizontal,am-
biguities are createdat the intersections.In order to solve
theproblem,we experimentedwith threedifferentdesigns.
First, the crossingannotationusedin an electriccircuit di-
agramis applied(SeeFig. 4(b)). At eachintersection,one
of the lines are drawn as an overpassingcurve. The sec-
ond methoddraws the lines with white boundariesto en-
hancetheboundaryperception(SeeFig. 4(c)). Thethird de-
sign usescurves insteadof lines, becauseambiguitiesare
causedby theregularlayoutof lines.Thetwo linesconnect-
ing threeconsecutive entries,e[vi ;vi ];e[vi ;v j ] ande[v j ;v j ],
arereplacedby a cubicB-spline.Thethreeentriesareused
ascontrolpointsfor thecurve (SeeFig. 4(d)). Ambiguities
at intersectionsare eliminatedbecausethe path crossings
are no longer orthogonal.We presentedthe threedesigns
to a group of users.Most of them liked the designusing
curvesbecauseit is visually morepleasing.However, some
userswho hadadvancedknowledgeof adjacency matrices
andgraphs,arguedthat thecurveslosecritical information,
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(a) Path f N;D;S;P;Rg is Highlightedin the
Node-link Diagram.The layout is computed
usinga force-directedmethod[KK89]

(b) The First Approach:Connectingmatrix
entriesandtheaxes.Columnandrow indices
associatedwith the verticeson the path are
highlightedby dottedlines.

(c) The SecondApproach:Connectingma-
trix entriesandthe diagonal.Verticeson the
patharethelabeledentrieson thediagonal.

Figure3: PathLayoutin AdjacencyMatrices

(a) (b)

(c) (d)

Figure4: PathCrossingProblem.In (a),ambiguitiesexistat
the intersectionsbecauseof theregular layoutof thepaths.
Threedesignsare proposedhere. (b) Draw oneof the lines
at an intersectionas an overpassingcurve. (c) Draw lines
with white boundariesto enhancethe boundaryperception
at intersections.(d) Draw cubic B-splinesinsteadof lines.
Ambiguitiesare eliminatedbecauseintersectionsof curves
arenonorthogonal.

becausethecurvesdo not touchtheentriesassociatedwith
edgeson the path.Betweenthe designsof overpassingand
enhancedboundary, usershad variousopinions.Thus, all
threemethodsareprovidedasoptionsin oursystemandthe
oneusingcurvesis setto bethedefault.

3.3. Rendering

For directedgraphs,conveying thedirectionof eachpathis
important.We usecolorsto indicatethe direction.The en-
trieschangefrom redto greenalongthepath(SeeFig. 5(a)).
Opacityis anothermethodto indicatethedirection.Fig. 5(b)
showstheresultsof opacitydecreasingalongthepath.In this
image,rows arealsocolored,andthe opacity is negatively
correlatedto thedistancesfrom theassociatedverticesto the
startingvertex. This functionality enablesusersto quickly
�nd verticeswithin thevicinity of aselectedvertex.
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(a) (b)

Figure 5: RenderingOptions for Path Visualization. (a)
Color is usedto indicatepathdirection.(b) Opacityis used
to indicate path direction.The rows are colored basedon
the distancesfrom their associatedverticesto the starting
vertex.

4. Visualizing Multiple Paths

Besidestheshortestpath,otherpathsmightalsobeinterest-
ing.A new designfor visualizingmultiplepathsis presented
in this section.We borrow thevisualdesignof metromaps
anddeveloppathroutingalgorithmsfor reducingpathcross-
ing.

4.1. Path Filtering

The �rst problemwe faceis the large numberof pathsbe-
tweentwo verticesfor densegraphs.In a fully connected
graphwith 10 vertices,thereare2(10� 2) = 28 = 256 paths
betweenany pairof vertices.For largegraphs,notonly is vi-
sualizingall thepathsinfeasible,but computingall thepaths
is alsoexpensive. Furthermore,usersoften only careabout
the n shortestpathsor pathsshorterthan a certainlength,
becauseshorterpathsusuallyindicatemoreimportantcon-
nectionsbetweenentities.Oursystemallowsuserstospecify
themaximumpathlengthl andthemaximumnumberof vis-
ible pathsn. Thepathslongerthanl aredroppedduringpath
searchingto save computingtime, and then the n shortest
pathsarevisualized.

4.2. Path Overlapping

Approachesfor a singlepathare appliedon multiple path
visualizations.Fig. 6 shows thevisualizationof the5 short-
estpathsfrom vertex G to vertex S. Althoughthereareonly
5 paths,it is not easyto follow eachpath in the visualiza-
tion. The major problemis the ambiguitiescausedby path
overlapping.Many pathssharethesamelines,andthusob-
scureeachother. Thisproblemis verysimilar to whatmetro
mapdrawing dealswith, wheredifferentmetroroutesshare
the sametracks.Fig. 7 shows a part of the metro map of
Koln, Germany (http://www.vrsinfo.de/).Metro routesare

Figure 6: Visualization of Multiple Paths Using the Ap-
proach for A SinglePath. Ambiguitiescausedby pathover-
lappingmake thevisualizationunreadable.

Figure7: A Part of theMetro Mapof Koln, Germany.

laid in parallel to avoid overlapping,and different colors
areassignedto theroutes.Theroutesaredrawn eitherverti-
cally or horizontallyor at 45� to increasereadability. Lines
aredrawn with white boundariesto enhanceseparationsbe-
tweenparallellinesandalsoto resolve ambiguitiesat inter-
sections.Fig. 8(a)shows thevisualizationof thesamepaths
in Fig. 6 following theseprinciples.All thepathsareclearly
presentedandcanbeeasilyfollowed.

4.3. Path Crossing

Largenumbersof pathcrossingsaffect thereadabilityof the
parallel layout design.The areascircled in Fig. 8(a) con-
tain two typical typesof crossings.The onein the red cir-
cle containscrossingshappeningat turn points.Thesekind
of crossingscanbeeliminatedby adjustingturningorderof
parallel paths.At eachcorner, the inner pathsshouldturn
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(a) ParallelLayoutof Paths.Thearea
in the redcircle containscrossingcan
be reduceby adjustingthe turningor-
derof paths.Thecrossingsin thegreen
circle are causedby improperplace-
mentof paths.

(b) Crossingsatcornersareeliminated
by adjustingturningorderof paths.

(c) Crossingsare further reducedby
adjustingthe orderof pathsbasedon
theturnsthey make.

Figure8: Multiple PathVisualization

earlierthantheouterones(SeeFig. 8(b)). Thecrossingsin
thegreencircle canbereducedby properorderingof paths.
We developedan algorithm to arrangethe pathsbasedon
theturnsthey make. Whenwe travel down alongthepaths,
thepathsturningearliershouldbetheouterones,while ones
thatturn latershouldbeput in themiddle.Pathsturningleft
areput on the left side,andonesturning right on the right
side.Fig. 8(c) shows theresultafteradjustingpathordering
usingour algorithm.Most crossingsareeliminatedandvi-
sual cluttersare thus reduced.Moreover, similar pathsare
bundledtogether, whichmakesthemmucheasierto follow.

5. Results

Two casestudiesarepresentedhereto demonstratethe ca-
pability of ourpathvisualizationdesign.

5.1. SocialNetwork

In this casestudy, the friendshipnetwork of a smallhi-tech
computer�rm is used[Kra99]. Thenetwork is anundirected
graph,which contains36 verticesand147edges.Usingour
design,we caneasily �nd the shortestconnectionbetween
two individuals (SeeFig. 9(a)). By setting the maximum
pathlengthto 2, we areableto �nd all thecommonneigh-
borsof two individuals(SeeFig. 9(b)).

5.2. FoodWebs

Food websdescribefeedingrelationshipsbetweenspecies
in a biotic community. They areusually representedasdi-
rectedgraphswith verticesfor speciesandedgesfor feeding

relationships.An edgee(vi ;v j ) indicatesthatspeciesv j feed
uponspeciesvi . A food chain is a singlepath in the food
web,which revealshow the energy andmaterialmay �o w
in the ecosystem.Fig. 10 shows a food chain in the food
web describingthe ecosystemat Chesapeake Bay [BU89].
Thewebcontains39 speciesand177feedingrelationships.
The food chain startswith zooplankton,followed by bay
anchovy, sedimentparticulateorganic,bacteriain sediment
POC,other polychaetes,and cat�sh. It shows how energy
�o ws from zooplanktonto cat�sh throughsomeintermedi-
atespecies.

Eachfood webcontainsa Input entity andOutputentity,
which are the ports to exchangematerialand energy with
thesurroundingenvironment.Theenergy enterstheecosys-
temfrom InputandleavesthesystematOutput.Thus,paths
from Input to Outputareenergy �o ws that go throughthe
food web. We comparethe 5 shortestpathsfrom Input to
Output in the food web of Chesapeake Bay with the food
web of Lake Michigan [BU89] (SeeFig. 11). The energy
�o wsareverydifferent.In Fig. 11(a), theenergy from Input
areretrieved by phytoplanktonandpassedthroughvarious
speciesto theOutput.In Fig. 11(b), theenergy areretrieved
by variousspeciesinsteadof asingleone.Thecommonpath
to the Output is throughDetritus.Thus, the ecosystemof
ChesapeakeBayandLakeMichiganis verydifferent.

6. UserFeedback

Informaluserstudiesareconductedto demonstrateourpath
visualizationdesign.Most of theparticipantsareour fellow
researchers,PhDstudents.They all haveexperiencewith in-
formationvisualization,andsomehaveadvancedknowledge
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(a) TheshortestconnectionbetweenIrv andWalt goes
throughSteveandRick.

(b) All theconnectionsof length2 betweenChrisand
Gary. The intermediateverticeson the pathareactu-
ally thecommonneighborsof ChrisandGary.

Figure9: FriendshipNetworkof a Hi-Tech Firm.

.

(a) Energy Flow FromInput to Outputin FoodWebof
ChesapeakeBay.

(b) Energy Flow FromInputto Outputin FoodWebof
LakeMichigan.

Figure11: Comparisonof theEnergyFlow in FoodWebsof ChesapeakeBayandLakeMichigan.

of graphandmatrix visualization.A few participantsarere-
searchersin areasof social scienceor complex networks.
The majority of the participantsregardedthe techniqueas
usefulfor easily�nding pathsin adjacency matrices.Those
participantswho have experiencewith matrix visualization
found that our designsigni�cantly enhancesthe path �nd-

ing capabilityof adjacency matrices.Thevisualizationwas
alsoregardedasbeingaestheticallypleasing,especiallythe
curve-pathandtheparallel-pathvisualizationdesigns.In ad-
dition, someparticipantspointedout thatinteractivepathvi-
sualizationhelpedthembetterunderstandtheadjacency ma-
trices.
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Figure 10: Food Web of Chesapeake Bay. Thehighlighted
pathis a foodchainthatstartsfromzooplanktonandendsat
cat�sh. It indicatesthea seriesof feedingrelationshipsand
alsoanenergy �ow in theecosystem.

7. Conclusions

We have introducedan effective designfor pathvisualiza-
tion in adjacency matrices.A pathis visualizedasaseriesof
linesconnectingthematrixentriesassociatedwith edgesand
verticeson the path. Overpassing,boundaryenhancement
andcurvesareusedto eliminateambiguitiesat path inter-
sections.We have alsoaddressedtheproblemof visualizing
multiple paths.Using an idea from metro mapsdrawings,
overlappingpathsaredrawn asparallelpaths.Path routing
algorithmsaredevelopedto reducepathcrossing.In theuser
study, theparticipantsparticularlyvaluedtheneatvisualiza-
tion of parallelpaths.

The scalabilityof our designremainsto be studied.The
visibility of pathsrelieson thenumberof pixelspercell en-
try in the matrix. In addition,the parallel line visualization
for multiple pathssuffersvisual complexity whenthereare
too many pathsto display. Lensingtechniquescould solve
theproblem.Anotherpointof interestfor futurework would
beusinganimationto show pathdirection.
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