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Abstract

For displayinga densegraph, an adjacencymatrix is superior than a node-link diagram becauset is more
compactandfreeof visualclutter A node-linkdiagram,however; is far betterfor thetaskof path nding because
a pathcanbeeasilytracedby following the correspondindinks, providedthat thelinks are not heavilycrossecdr
tangled We augmentadjacencymatriceswith pathvisualizationandassociatednteractiontechniqueso facilitate
path nding. Our designis visually pleasing and also effectivelydisplaysmultiple pathsbasedon the design
commonlyfoundin metio maps.We illustrate and assesshe key aspectof our designwith the resultsobtained

fromtwo casestudiesandan informal userstudy

Categoriesand SubjectDescriptorgaccordingto ACM CCS} 1.3.6 [ComputerGraphics]:Methodologyand Tech-
nigues;H.5 [Information Systems]:Information Interfacesand Presentation(.2.2 [Graph Theory]: Path and

Circuit Problems

1. Intr oduction

Graphsarecommoninformationstructuregor modelingre-
lations betweendiscreteentities.Many real world systems
taketheform of graphsFor example asocialnetwork repre-
sentgelationshipdetweeractors(suchasindividuals,fami-
lies, Internetsocialgroups corporateorganizationspusiness
partnersnations,etc). Analyzing a socialnetwork provides
structuralintuition accordingto thetieslinking actors.This
leadsto improvedunderstandin@f socialprocesses.

Graphsareinherentlyvisual. Yet, traditionalnode-linkdi-
agramf graphsconnectinghe graphnodeswith lines,do
not scaleasthe graphsizeanddensityincreaseFor adense
graphin particularthelargenumberof edgecrossing<reate
greatvisual compleity. Automatic layout algorithmshave
beendevelopedto reducesdgecrossingasmuchaspossible,
but they have a high computationalcost and heuristicna-
ture.Thus,node-linkdiagramsarenot alwaysagoodchoice
for displayinggraphs.On the otherhand,adjaceng matri-
cesoffer a very compactrepresentatioof graphs.Vertices
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areplacedalongthehorizontalandverticalaxesin thesame
order Therefore no layoutcomputingis needed.

In an adjaceng matrix, a hon-zeroentry representsan
edgebetweerthetwo correspondingerticesin agraph.Be-
causeeachedgeis de ned by itself in a non-sharedpace,
thereis no edgecrossingproblem.However, an adjaceng
matrix view of agraphhasits limitations. Accordingto pre-
vioususerstudie§ GFCO5KECO06], adjaceng matricesare
clearlybetterthannode-linkdiagramdor displayinggraphs
with twenty or more nodeswhich are largely connected.
However, for the taskof path nding, a node-linkdiagram
allowstheuserto quickly locatethe pathsof interesty sim-
ply following the associatedinks in the picture.Finding a
pathin anadjaceng matrix is not a trivial task, especially
whenthe pathis composeaf mary nodes.

In this paper we shav how we augmentadjaceng ma-
trices with interactve path visualizationto remove the in-
trinsic limitation of a matrix representationOur designsu-
perimposepathinformationontop of thematrix. Thepaths
aredisplayedn anunambiguousndvisually pleasingfash-
ion with minimumcrossing We alsouseanideafrom metro
mapvisualizationto moreneatlydisplaymultiple paths We
have testedbur designusingavarietyof graphsandtwo case
studiesusinga socialnetwork anda food webarepresented
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in this paper We alsoreportour ndings from aninformal
userstudyto determinewvhetherthegraphicalpathaugmen-
tationis helpful or not.

2. Background

Adjaceny matricesare widely usedin graphvisualization
becausehey can effectively display a densegraph. Inter
preting the structuralinformation buried in a matrix view
of a graphrequiressomepractice.In this section,we rst
give a brief introductionto interpretingadjaceng matrices,

followedby anoverview of relatedvisualizatiorapproaches.

Finally, we discusghechallengepresentedby thepath nd-
ing problem.

2.1. Adjacency Matrices

Adjaceny matricescan be usedto represenboth directed
andundirectedgraphs.For directedgraphs,a non-zeroen-

try attheintersectionof columni androw j representshat

thereis aconnectiorfrom vertex i to vertex j. For undirected
graphstheadjaceng matrixis symmetric Eachentryonthe

matrix's diagonalrepresenta self-link of the corresponding
vertex. Usually, self-linksareignored thusentriesalongthe

diagonalarezero.

Patternsthat consistof non-zeroentriesarekey to inter-
preting adjaceng matrices.Different patternscorvey dif-
ferentstructuralpropertiesof the underlyinggraph.For in-
stancehorizontalor verticallinesmightindicateastarstruc-
turein thegraph.In Fig. 1(a), the verticalline consistingof
5 non-zeroentriesrevealsthat there are connectionsrom
vertex X to vertex A; B;C; D andE. Closelyconnectectlus-
tersarepresented@striangularwedgeson thediagonal(See
Fig. 1(b)). Blocks away from the diagonalmay indicatebi-
partite subgraphgSeeFig. 1(c)). Therearetwo groupsof
verticesandonly inter-groupedges.The discussionabove
assumehat the patternsare stand-alonebecausexistence
of supportingentrieselsavherewill totally changethe in-
terpretationFig. 1(d) shavs an exampleof an off-diagonal
block with supportingentries.

Orderingof verticeson verticalandhorizontalaxeshasa
tremendousmpacton the effectivenesf adjaceng matrix
visualization.A matrix with poororderingis indistinguish-
ablefrom noisewhile onewith goodorderingshavs salient
patternsComprehensk discussion®f matrix orderingcan
be foundat [CM69, Wil86, Kin70, MMLO7]. In this paper
breadth- rst-searclorderingis usedfor all examples.

Adjacengy matricesare often usedasoverviews of large
graphsbecausef their compactnesd:or instance Matrix-
Explorer designedor socialnetwork analysis,is equipped
with bothmatrix andnode-linkviews [HF0§. Usersareal-
lowed to investicate the global structureof a graphin the
matrix view andchoosesubgraphof interestfor detailsin
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Figure 1: Patternsof AdjacencyMatrices

the node-linkview. Moreover, anadjaceng matrix hasuni-

form visualrepresentationyhich malesit perfectfor multi-

scalevisualization FrankvanHamintroducesaninteractive

multilevel matrix visualizationsystemfor large hierarchical
softwarecall graphgvHO3]. MGV, a systentfor visualizing
massie multidigraphsalso utilizes this property [AKO02].

Userstudiesvereconductedy bothGhoniem{ GFC09 and
Keller [KECO0€, in which the readability of matricesand
node-linkdiagramaverecomparedGhonienmfocuseonthe
tasksthatreveal graphtopologicalfeatureswhile Keller fo-

cuseson tasksinvolving semantianformation.Both studies
concludedhatadjaceng matricesoutperformnode-linkdi-

agramsfor large densegraphs,exceptfor the task of path
nding.

2.2. Path nding

Path- nding is the task of nding a seriesof continuous
edgesconnectingtwo vertices.Finding the shortestpathis

the most commontask. However, in somecaseswe also
needto nd multiple pathsbetweenvertices.Path- nding

is very importantfor graphanalysisln socialnetwork anal-
ysis, for example,connectiondetweentwo individualsin-

dicatethepossibilitythatthey will meetin thefuture.

Paths are relatively easyto recognizein node-link di-
agramsbecausethey are representedas a seriesof con-
nectedine sgments.In adjaceng matricesedgesarerep-
resentedas entries. Thus, a path is representechs a set
of entries,in which the row index of eachentry is the
sameas the column index of the next one; i.e., a path

¢ TheEurographicsAssociation2007.



ZegianShen& Kwan-LiuMa/ Path Visualizationfor AdjacencyMatrices

a seriesof entriesin the correspondingadjaceng matrix,

attheintersectiorof columnv; androw v;. Unlike clusters
or starstructuresa pathcanappearasary loosepatternin

an adjaceng matrix. Fig. 2 shavs an exampleof a pathin

anode-linkdiagramandits equivalentadjaceng matrix. To

nd apathin anadjaceng matrix, theuserneedgo go back
andforth betweerthe columnsandrows, which canbe es-
pecially dif cult for long pathsor large graphs.Thus, our
researchaimsat designingeffective visualizationhighlight-

ing pathsin adjaceng matricesThevisualizationshouldal-

low theviewer to easilyfollow eachpathfrom beginningto

endandobtainverticesalongthepath.To ourknowledge ,no

suchresearchasheendonefor this problem.
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Figure2: Comparisorof a Pathin an AdjacencyMatrix and
the EquivalentNode-link Diagram. The path illustratedin
thisexampleis A! E! C! B.In theadjacencymatrix,
thecorrespondingntriesf €fA; E]; [E; CJ; €[C; B]g are high-
lightedin red.

3. Visualizing a Single Path

We rst addresghe problemof visualizing a single path.
Giventwo vertices we chooseo visualizethe shortespath,
which s usuallythe mostcritical pathbetweerthem.In our

interactve matrix visualizationsystem,userscan selecta
startingvertex from the vertical axis and an endingvertex

from the horizontalaxis. The shortespathis thencomputed
usingDijkstra's algorithm[Dij59] andis visualizedover the
matrix. The restof this sectiondiscusseselatedproblems,
including pathlayout, rendering,andhow to eliminateam-
biguitiescauseddy pathcrossingIn therestof the papera
smallsocialnetwork of agroupof studentss usedasthe ex-

ampleto demonstrateur pathvisualizationmethodslt is an
undirectedgraphwith 25 verticesand 25 edges.The actual
namesareremovedfor privagy.

3.1. Path Layout

Visualizing the shortestpath in node-link diagramsis
straightforvard.Simply highlightingall edgesalongthepath
is sufcient (SeeFig. 3(a)). Following thehighlightededges,
usergcaneasily nd theverticesandedgenthepath.Iln ad-
jaceny matrix,apathP = fvp;Vvq;V2:::vng is equivalentto a
seriesof entries f e[vo; v1]; €[v1; vol; i €fvy 1;vn]g. Thecol-
umnindex associatedvith the rst entryindicatesthe start-
ing vertex of thepath,andtherow indicesassociategith all
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entriesindicatetherestof theverticeson thepath.Thus,we

chooseto draw a vertical dottedline betweerthe rst entry
andthe horizontalaxisanda horizontaldottedline between
eachentryandtheverticalaxis.With thehelpof dottedlines,
userscaneasily nd theverticesonthepath.Wealsoconnect
the entries suchthatuserscanfollow the path.In Fig. 3(b),

the samepath highlightedin Fig. 3(a) is visualizedusing
this method Althoughthedottedlinesprovide a clearguide
to nding correspondingerticesit is still dif cult for users
to go backandforth betweerthe axesandentries.

One fact about adjaceng matricesis often ignored.
Besidescolumnsandrows, the diagonalcanalsorepresent
vertices. Since ordering algorithms malke the non-zero
entries gather along the diagonal, it is much easierto
use the diagonal as the referencefor vertices than the
axes. Thus, we use horizontallines to connectthe entries
and the diagonal. For an entry €]v; 1;vi] on the path,
P = fvg;v1;Vo;::; vng, the connectecentry on the diagonal
is €[vi; vi]. The next entry on the pathis €[v; vi+ 1], which
can be connectedto €v;;v;] by a vertical line. Repeat-
edly doing this, we can connectall the entriesrelatedto
vertices and edgeson the path. Fig. 3(c) illustrates this
new design.In this example,the pathP = fN;D;S P, Rg
is visualized as a series of lines connecting entries
e[N; N]; e[N; D]; ¢[D; D]; €[D; §; €S, S; €[S, PJ; efP Pl e[P. R]
and€e[R; R]. The seriesof lines carry all information of the
original path and agreewith the underlying matrix-based
representatiorifo make thevisualizationclearer theentries
associateavith edgesare highlighted,andthoseassociated
with verticesarelabeled.

3.2. Path Crossing

One of the major problemsfor our designis pathcrossing
(SeeFig. 4(a). Limited by the given space,someof the
gures in this paperdo not displaythe completeadjaceng
matrix. Becausdines are eithervertical or horizontal,am-
biguities are createdat the intersectionsin orderto solve
the problem,we experimentedwith threedifferentdesigns.
First, the crossingannotationusedin an electric circuit di-
agramis applied(SeeFig. 4(b)). At eachintersectionone
of the lines are dravn as an overpassingcurve. The sec-
ond methoddraws the lines with white boundarieso en-
hancetheboundaryperceptionSeeFig. 4(c)). Thethird de-
sign usescurwes insteadof lines, becauseambiguitiesare
causedy theregularlayoutof lines. Thetwo linesconnect-
ing threeconsecutie entries,elvi; vi]; elvi; vj] and elvj; vj],
arereplacedby a cubic B-spline. The threeentriesareused
ascontrol pointsfor the curve (SeeFig. 4(d)). Ambiguities
at intersectionsare eliminatedbecausehe path crossings
are no longer orthogonal.We presentedhe three designs
to a group of users.Most of them liked the designusing
curvesbecauset is visually morepleasing However, some
userswho had adwancedknowledgeof adjaceng matrices
andgraphs.amguedthatthe curveslosecritical information,
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(a) PathfN; D; SR, Ry is Highlightedin the
Node-link Diagram.The layoutis computed
usingaforce-directednethod[KK89]
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(b) The First Approach:Connectingmatrix
entriesandtheaxes.Columnandrow indices
associatedvith the verticeson the path are
highlightedby dottedlines.
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(c) The SecondApproach:Connectingma-
trix entriesandthe diagonal.Verticeson the
patharethelabeledentrieson thediagonal.

Figure 3: Path Layoutin AdjacencyMatrices

> m - O I ®
P m - 0O I X

AEJDHKFLINS

(b)

P W - 0O I X
> =~ 0O T X
o,

AEJDHKFLINS ABJDHKFLINS

(© (d)

Figure4: Path CrossingProblem.In (a), ambiguitiesexistat
the intersectionsbecausef the regular layout of the paths.
Threedesignsare proposechere. (b) Draw oneof thelines
at an intersectionas an overpassingcurve (c) Draw lines
with white boundariesto enhancethe boundaryperception
at intersections.(d) Draw cubic B-splinesinsteadof lines.
Ambiguitiesare eliminatedbecauséntersectionsof curves
are nonorthaonal.

becausedhe curvesdo not touchthe entriesassociatedvith
edgeson the path.Betweenthe designsof overpassingand
enhancedoundary usershad various opinions. Thus, all
threemethodsareprovidedasoptionsin our systemandthe
oneusingcurvesis setto bethedefault.

3.3. Rendering

For directedgraphs corveying the directionof eachpathis
important.We usecolorsto indicatethe direction. The en-
trieschangedrom redto greenalongthe path(SeeFig. 5(a)).
Opacityis anothemethodto indicatethedirection.Fig. 5(b)
shawvstheresultsof opacitydecreasinglongthepath.In this
image,rows are alsocolored,andthe opacityis negatively
correlatedo thedistancedrom theassociatederticesto the
startingvertex. This functionality enablesusersto quickly
nd verticeswithin thevicinity of a selected/ertex.

¢ TheEurographicsAssociation2007.
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(@) (b)

Figure 5: RenderingOptions for Path Visualization. (a)
Color is usedto indicatepathdirection.(b) Opacityis used
to indicate path direction. The rows are colored basedon
the distancesfrom their associatedverticesto the starting
vertex.

4. Visualizing Multiple Paths

Besidegheshortespath,otherpathsmightalsobeinterest-
ing. A new designfor visualizingmultiple pathsis presented
in this section.We borrav the visual designof metromaps
anddeveloppathroutingalgorithmsfor reducingpathcross-

ing.

4.1. Path Filtering

The rst problemwe faceis the large numberof pathsbe-
tweentwo verticesfor densegraphs.In a fully connected
graphwith 10 vertices thereare 2(10 2 = 28 = 256 paths
betweerary pairof vertices For largegraphsnotonly is vi-
sualizingall the pathsinfeasible but computingall the paths
is alsoexpensve. Furthermoreusersoften only careabout
the n shortestpathsor pathsshorterthan a certainlength,
becauseshorterpathsusuallyindicatemoreimportantcon-
nectiondetweerentities.Our systemallows userdo specify
themaximumpathlengthl andthemaximumnumberof vis-
ible pathsn. The pathslongerthanl aredroppedduringpath
searchingto save computingtime, and thenthe n shortest
pathsarevisualized.

4.2. Path Overlapping

Approachedor a single path are appliedon multiple path
visualizationsFig. 6 shows the visualizationof the 5 short-
estpathsfrom vertex G to vertex S. Althoughthereareonly
5 paths,it is not easyto follow eachpathin the visualiza-
tion. The major problemis the ambiguitiescausedoy path
overlapping.Many pathssharethe samelines, andthusob-
scureeachother This problemis very similarto whatmetro
mapdrawing dealswith, wheredifferentmetroroutesshare
the sametracks.Fig. 7 shavs a part of the metro map of
Koln, Germary (http://wwwvrsinfo.de/).Metro routesare
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Figure 6: Visualization of Multiple Paths Using the Ap-
proach for A SinglePath. Ambiguitiescausedby path over
lappingmale thevisualizationunreadable

Figure 7: A Part of the Metro Map of Koln, Germany

laid in parallel to avoid overlapping,and different colors
areassignedo theroutes.Theroutesaredrawn eitherverti-

cally or horizontallyor at 45 to increasereadability Lines
aredrawn with white boundariego enhanceseparationbe-
tweenparallellinesandalsoto resolve ambiguitiesat inter

sectionsFig. 8(a) shavs thevisualizationof the samepaths
in Fig. 6 following theseprinciples.All the pathsareclearly
presented@ndcanbeeasilyfollowed.

4.3. Path Crossing

Largenumbersf pathcrossingsaffectthereadabilityof the
parallel layout design.The areascircled in Fig. 8(a) con-
tain two typical typesof crossingsThe onein the red cir-
cle containscrossingshappeningat turn points. Thesekind
of crossingcanbe eliminatedby adjustingturning orderof
parallel paths.At eachcorner the inner pathsshouldturn
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(a) Parallel Layoutof Paths.The area
in the red circle containscrossingcan
be reduceby adjustingthe turning or-

derof pathsThecrossingsn thegreen
circle are causedby improper place-
mentof paths.

(b) Crossingstcornersareeliminated
by adjustingturningorderof paths.

(c) Crossingsare further reducedby
adjustingthe order of pathsbasedon
theturnsthey male.

Figure 8: Multiple Path Visualization

earlierthanthe outerones(SeeFig. 8(b)). The crossingsn
thegreencircle canbereducedy properorderingof paths.
We developedan algorithmto arrangethe pathsbasedon
theturnsthey make. Whenwe travel down alongthe paths,
thepathsturningearliershouldbethe outeroneswhile ones
thatturn later shouldbe putin the middle. Pathsturningleft
areput on the left side,and onesturning right on the right
side.Fig. 8(c) shavs theresultafteradjustingpathordering
usingour algorithm.Most crossingsare eliminatedand vi-
sual cluttersare thus reduced Moreover, similar pathsare
bundledtogetherwhich makesthemmucheasierto follow.

5. Results

Two casestudiesare presentedhereto demonstrateéhe ca-
pability of our pathvisualizationdesign.

5.1. SocialNetwork

In this casestudy the friendshipnetwork of a small hi-tech

computerrm isusedKra99. Thenetworkis anundirected
graph,which contains36 verticesand147 edgesUsing our

design,we caneasily nd the shortestconnectionbetween
two individuals (SeeFig. 9(a). By settingthe maximum
pathlengthto 2, we areableto nd all the commonneigh-

borsof two individuals(SeeFig. 9(b)).

5.2. Food Webs

Food websdescribefeedingrelationshipshetweenspecies
in a biotic community They are usuallyrepresenteasdi-
rectedgraphswith verticesfor speciesandedgedor feeding

relationshipsAn edgee(v;; vj) indicateghatspeciew; feed
uponspeciesv;. A food chainis a single pathin the food

web, which revealshow the enegy and materialmay o w

in the ecosystemFig. 10 shaws a food chainin the food

web describingthe ecosystenat ChesapeakBay [BU89).

Theweb contains39 speciesand 177 feedingrelationships.
The food chain startswith zooplankton,followed by bay
anchay, sedimentarticulateorganic, bacteriain sediment
POC, other polychaetesand cat sh. It shavs how enegy

o ws from zooplanktorto cat sh throughsomeintermedi-
atespecies.

Eachfood web containsa Input entity and Outputentity,
which arethe portsto exchangematerialand enegy with
the surroundingervironment.The enegy entersthe ecosys-
temfrom Inputandleavesthe systemat Output.Thus,paths
from Input to Outputareenegy o ws that go throughthe
food weh We comparethe 5 shortestpathsfrom Input to
Outputin the food web of ChesapeakBay with the food
web of Lake Michigan [BU89] (SeeFig. 11). The enegy
o wsareverydifferent.In Fig. 11(a) theenegy from Input
areretrieved by phytoplanktonand passedhroughvarious
speciego the Output.In Fig. 11(b), theenegy areretrieved
by variousspeciesnsteadof asingleone.Thecommonpath
to the Outputis through Detritus. Thus, the ecosystenof
ChesapeakBay andLake Michiganis very different.

6. User Feedback

Informal userstudiesareconductedo demonstrateur path
visualizationdesign.Most of the participantsareour fellow
researchers$;hDstudentsThey all have experiencewith in-
formationvisualizationandsomehave advancecknowledge
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(a) Theshortestonnectiorbetweerlrv andWalt goes
throughSteve andRick.

(b) All theconnection®f length2 betweenChrisand
Gary The intermediateverticeson the pathare actu-
ally thecommonneighborf ChrisandGary

Figure 9: FriendshipNetworkof a Hi-Tech Firm.

(a) Enegy Flow FromInputto Outputin Food Webof
ChesapeakBay.

(b) Enegy Flow FromInputto Outputin Food Webof
Lake Michigan.

Figure 11: Comparisorof the Eneigy Flow in FoodWebsof Chesapea&Bayand Lake Michigan.

of graphandmatrix visualization A few participantsarere-
searchersn areasof social scienceor complex networks.
The majority of the participantsregardedthe techniqueas
usefulfor easily nding pathsin adjaceng matrices.Those
participantswho have experiencewith matrix visualization
found that our designsigni cantly enhanceshe path nd-

¢ TheEurographic#Association2007.

ing capabilityof adjaceng matrices.The visualizationwas
alsoregardedasbeingaestheticallypleasing.especiallythe
cune-pathandthe parallel-pathvisualizationdesignsin ad-
dition, someparticipantpointedout thatinteractive pathvi-
sualizatiorhelpedthembetterunderstandhe adjaceng ma-
trices.
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Figure 10: Food Web of Chesapea&kBay. The highlighted
pathis a foodchainthatstartsfromzooplanktorandendsat
cat sh. It indicatesthe a seriesof feedingrelationshipsand
alsoanenegy ow in theecosystem.

7. Conclusions

We have introducedan effective designfor path visualiza-
tion in adjaceng matricesA pathis visualizedasa seriesof
linesconnectinghematrixentriesassociatewith edgesand
verticeson the path. Overpassingboundaryenhancement
and curves are usedto eliminateambiguitiesat pathinter
sectionsWe have alsoaddressethe problemof visualizing
multiple paths.Using an ideafrom metro mapsdrawings,
overlappingpathsare dravn asparallel paths.Path routing
algorithmsaredevelopedto reducepathcrossingln theuser
study the participantgarticularlyvaluedthe neatvisualiza-
tion of parallelpaths.

The scalability of our designremainsto be studied.The
visibility of pathsrelieson the numberof pixelspercell en-
try in the matrix. In addition,the parallelline visualization
for multiple pathssuffers visual complity whenthereare
too mary pathsto display Lensingtechniquesould solve
theproblem.Anotherpointof interestfor futurework would
beusinganimationto showv pathdirection.
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